The purpose of this paper is to present our study on the restoration of the Lorentz symmetry for a Lifshitz-type scalar theory in the infrared region by using nonperturbative methods. We apply the Wegner-Houghton equation, which is one of the exact renormalization group equations, to the Lifshitz-type theory. Analyzing the equation for a z = 2, d = 3 + 1 Lifshitz-type scalar model, and using some variable transformations, we found that broken symmetry terms vanish in the infrared region. This shows that the Lifshitz-type scalar model dynamically restores the Lorentz symmetry at low energy. Our result provides a definition of ultraviolet complete renormalizable scalar field theories. These theories can have nontrivial interaction terms of φ n (n = 4, 6, 8, 10) even when the Lorentz symmetry is restored at low energy.
Introduction
Recently, Lifshitz-type theory [1] has been the focus of much attention [2] . This theory has an anisotropic scaling for space and time at the Lifshitz fixed point. In this theory, we substitute the second-order space differential operator in the kinetic term in the action with the 2z order one as follows:
It is found from this equation that the time dimension is z, while the space dimension is one. The advantage of the Lifshitz-type theory is that the higher derivative terms in the kinetic terms suppress the ultraviolet (UV) divergence. This feature broadens the class of perturbatively renormalizable field theories. As a compensation for these good UV properties, one has to sacrifice the Lorentz symmetry in the UV region. If the Lifshitz-type theory indeed explains physical phenomena at our energy scale properly, the theory should restore the symmetry in the infrared (IR) region. References [3, 4, 5, 6, 7] are related to the Lorentz symmetry in the Lifshitz-type theory in the IR region. It is well known that, from naive power counting, it is expected that the symmetry can be restored in the IR region. However, the restoration of the symmetry should also be examined nonperturbatively. The goal of this paper is to study whether the theory defined at the Lifshitz fixed point really flows into the Lorentz invariant theory at low energy by using the exact renormalization group equation. Such a problem is also discussed in a large N limit in Refs. [8, 9] .
The exact renormalization group equation as typified in Ref. [10] enables us to analyze theories nonperturbatively. For example, Ref. [11] discussed the Lifshitz-type theory using the Wilson-Polchinski exact renormalization group equation. In our work, we apply the Wegner-Houghton equation, which is one of the exact renormalization group equations, to the Lifshitz-type theory, and analyze the behavior of the theory space of the Lifshitz-type theory. It is found that this theory has a Lorentz symmetrical Gaussian IR fixed point, and we confirm that the method in this paper indeed reproduces the previously mentioned naive power counting arguments at the leading order in the perturbation theory. Using numerical analysis, we find that symmetry-violating terms in the theory vanish in the IR region. In conclusion, the z = 2, d = 3 + 1 Lifshitz-type scalar model restores the Lorentz symmetry in the IR region. Our result provides a definition of ultraviolet complete renormalizable scalar field theories. Remarkably, these theories can have nontrivial interaction terms of φ n (n = 4, 6, 8, 10) even when the Lorentz symmetry is restored at low energy. This paper is organized as follows. In section 2, we use a cutoff method to apply the Wegner-Houghton equation to the Lifshitz-type theory. In section 3, we introduce our model and apply the equation derived in section 2 to this model, and in section 4, we analyze the equations numerically. Finally, we give a summary in section 5. Throughout the paper, we work on the Euclidean theory, and we give our notation in Appendix A.
Wegner-Houghton Equation for Lifshitz-Type Theory
The Wegner-Houghton equation is an exact renormalization group equation [12] . We review the derivation of the equation in Appendix B following Refs. [13, 14] . The equation for the effective action S is
where Λ is a cutoff, Ω is a general field, i.e., Ω = φ in the case of a real scalar field, γ is an anomalous dimension, and d Ω is the dimension of the field. The definitions of δt,p, and ∂ are given in Appendix B. The first term on the RHS is the contribution from shell-mode integrals, and the second and third terms are from the scaling part. When we discuss the Lifshitz-type theory, d in Eq. (2.1) is rewritten as a sum of space dimension D and time z, that is, d → D + z.
To solve the equation in the Lifshitz-type theory, we need to know how to perform momentum integrals. Because the Lifshitz-type theory does not have Lorentz symmetry, it is difficult to understand how to integrate out the shellmode momentum. There are various discussions on cutoff methods [9, 15] . In this work, we use a cylindrical cutoff as an alternative to a spherical one. (See Fig. 1 .) Fig. 1 : Cutoff method. The left side of the figure is the usual cutoff. The momentum region is a ball inside a sphere in space and time with the radius p 2 0 + p 2 i = Λ. It has a symmetry between space and time. The right side is a cylindrical cutoff; p 0 is integrated out from −∞ to ∞. In general, we need to truncate the action to solve the renormalization group equations concretely. Lifshitz-type scalar theories are classified clearly in Refs. [3, 16] . In this paper, we adopt an effective action that contains all interactions for which the dimensions of the coupling in units of mass are more than or equal to 0, that is, relevant or marginal operators by naive power counting as a truncation. We also impose a Z 2 symmetry. The action is
where the dimensions for x, t, φ, and the parameters in the action are
In terms of the derivative expansion [17, 18, 19] , the action in Eq. (3.1) is the sum of three parts. The first line is the kinetic terms of the free scalar Lifshitztype theory, and the second and third lines are the local potential approximation terms and first order of the derivative expansion terms, that is,
Note that the term ∂ i φ∂ i φ, which is needed for Lorentz symmetry, naturally appears in S Diff(int) . To restore the symmetry in the IR region, interaction terms that break the symmetry should vanish in the IR region. We obtain the Wegner-Houghton equation for the Lifshitz-type theory as one of the main results of this paper. The details of the calculations are given in Appendix C. The Wegner-Houghton equation in the present model reads
(3.12)
As an example, let us discuss the renormalization group flow in the theory subspace, in which only m 4 and λ 4 are nonzero. Equations (3.6) and (3. reduce to
where we take β 0 = 1 by rescaling the momentum. All other equations are satisfied trivially. There are two fixed points given as
The first is a Gaussian fixed point, and the second is a nontrivial fixed point as seen in Fig. 2 . We would like to mention that this flow resembles the one in the ordinary scalar theory with the Lorentz symmetry in three space-time dimensions.
Transformation of Variables
Our main interest is the restoration of the Lorentz symmetry in the IR region.
To discuss the renormalization group flow in the IR region, it is useful to change the variables as 16) and introduce new variables with hats [6, 7, 8 ]
The action in the model (3.1) with new variables is
where we also take β 0 = 1. The dimensions in the unit of mass of new variables are as follows:
They are identical to the canonical dimension in the Lorentz theory in four space-time dimensions.
The renormalization group equations (3.4)-(3.12) in terms of the new variables (with hats) are given as
2 ), (3.24)
If we set h = 0,α 2 = 0, andα 4 = 0, these renormalization group equations exactly coincide with the equations in the case of the local potential approximation in the ordinary theory, which has Lorentz symmetry, as expected. As an example, we give the renormalization group flow in the theory subspace, in which onlym 2 andλ 4 are nonzero. (See Fig. 3 .) These renormalization group equations have a Gaussian fixed point at
In the neighborhood of the fixed point, the renormalization group equations (3.23)-(3.30) can be approximated as 
Numerical Analysis
The terms in the third line in Eq. (3.20) violate the Lorentz symmetry. If they vanish in the IR region, we can say that the Lorentz symmetry is restored in the IR region. In the following, solving the Wegner-Houghton equations (3.4)-(3.12) with some initial conditions by numerical analysis, we study the renormalization group flow of the Lifshitz-type theory to see if this is the case. We should choose the initial conditions carefully. To obtain flows of proper physical theories, we looked for initial conditions that satisfy two requirements. First, the coupling constants that violate the Lorentz symmetry should become negligible at low energy. Second, all the coupling constants should approach the Lifshitz fixed point at high energy to obtain UV complete theories. The key problem here is whether such initial conditions exist. Actually, we found flows with typical initial conditions that satisfy the two requirements. In this paper, as examples, we give results for two initial conditions (case 1 and 2) defined as follows: In terms of hatted coupling constants, they arê 0.8 On the other hand, Figs. 6 and 7 show the renormalization group flows of the unhatted coupling constants with increasing energy scale (t < 0) for cases 1 and 2. The results show that all the coupling constants approach the Lifshitz fixed point with increasing energy. Therefore, we obtain the UV complete renormalizable theories, which have the Lorentz symmetry in the IR region, under proper initial conditions. Furthermore, case 2 is very interesting. Remarkably, the theory in case 2 has nonzero coupling constants of the interaction term,λ 4 ,λ 6 ,λ 8 ,λ 10 , even when the Lorentz symmetry is restored at low energy. For example, at the energy scale t = 3.5 in Fig. 5 , the coupling constants arê which are written to three significant figures. Finally, we would like to mention a possibility for other initial conditions. Certainly, it is possible that there are other interesting initial conditions, and to classify the regions of the flows generally is an interesting future work. The most important thing, however, is that there exists at least one such flow.
Summary and Discussion
In the Lifshitz-type theory, higher derivative terms in the kinetic terms suppress the UV divergence. However, there is a problem of broken Lorentz symmetry; therefore, we should examine whether the theory restores the Lorentz symmetry in the IR region. In this paper, we applied the Wegner-Houghton equation with the momentum cutoff in cylindrical shape and analyzed the z = 2, d = 3 + 1 Lifshitz-type scalar model numerically. We find that the terms that break the Lorentz symmetry vanish at low energy. Remarkably, the Lifshitz-type theory has nontrivial interaction termsλ n φ n (n = 4, 6, 8, 10) even when the Lorentz symmetry is restored at low energy. We find a concrete solution to the longstanding problem of triviality of φ 4 theory in d = 3 + 1. In summary, z = 2, d = 3 + 1 Lifshitz-type scalar theory, at least for the model in this paper, restores the Lorentz symmetry in the IR region, and we obtain a UV complete renormalizable theory under proper initial conditions. It would also be interesting to analyze multiple fields including fermions. They are also soluble by this method in principle, although some improvements may be needed in this analysis. The truncation method remains as a matter to be discussed further. Given some symmetries, we may improve this analytic method. There is also room for discussion on the cutoff method. Nonetheless, our method is attractive in the sense that we can judge one of the consistencies of the Lifshitz-type theories. Further studies using this method will be needed.
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A Notation
In this paper, we use the following notation. The definitions of integral symbols are
The definitions of δ functions and its symbols are
The definitions of Fourier transformation of fields are
The definition of trace symbol is
B Derivation of Wegner-Houghton Equation
This is a review of [13, 14] . The general Wilsonian effective action is given as
where
Ω(p i ) denotes general fields, for example, in the case of scalar fields Ω(p i ) = φ(p i ). We introduce the shell-mode wave functions Ω s (p i ), which are nonzero only for Λ(δt) = Λe −δt ≤ p i ≤ Λ, and Ω IR (p i ; Λ(δt)), which are nonzero only for p i ≤ Λ(δt), where Λ(t) ≡ Λe −t , δΛ ≡ Λδt. We then write
3)
The partition function Z is given as 
where p ≡ {p 1 , p 2 , ..., p n }. The difference in effective actions is given by
As mentioned above, we can write the difference in terms of the coupling constant differentiated with respect to Λ. We define p = Λp. When this coupling depends on the momentum explicitly, it is written as
Therefore, we obtain
The dimensions of fields become d Ω − γ as a consequence of the quantum effect. Using a dimensionless couplingĝ, we write
Substituting (B.14) in (B.11), and writing them in terms of the action S, we obtain 
C Main Calculations
We perform integration by parts and Fourier transformation in the action (3.1) to obtain
Using this action, we calculate the first term on the RHS of the WegnerHoughton equation (2.1)
M is split into the kinetic terms A 0 , which involve the mass term, and the interaction terms B,
Then, we obtain tr ln(M ) = tr ln(A 0 + B)
= tr ln(A 0 ) + tr
For example, the second and third terms in (C.4) are
and so on. In order to calculate Eq. (C.4) systematically through the order that we need in the model, we define G as an integrand of elements of the kinetic term A
and V as an integrand of elements of interaction terms B. We also define G n and V n as terms that have n power of external momentum in G and V . We call n the "derivative number" in this paper. Now, we need only terms n ≤ 2; we write
(C.10)
where r and r are particular sums of external momenta q i 's, which are obtained after integrating out all the internal momenta except k. Omitting the part about Table I .: Classification of the integrand. k is the order of the polynomial expansion of tr ln(1 + A −1 0 B), and n is the derivative number.
the delta function, we write each term of Eq. (C.4) symbolically as
where we choose integration variables as G 0 in front of the integrand. We list the integrand as follows in Table I . We give the results of the integration for (1) -(27) in Appendix D. In this paper, we integrate out in a timelike direction from −∞ to ∞, and spacelike directions within shell-mode momentum 1 − δt ≤| k i |≤ 1. That is, we consider only the spatial flow of the theory. 
